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Abstract

We consider the partition function Zy of a random matrix model with
polynomial potential V(£) = ;£ + &2 + -+ - + 124, Tt is known that the
second logarithmic derivative of Zy with respect to the times #; can be expressed
in terms of the recurrence coefficients of the related orthogonal polynomials. An
explicit formula for the recurrence coefficients of the orthogonal polynomials
in the limit N — oo for multi-cut regular V (&) has been derived in [10] through
the Riemann—Hilbert approach. The expression for Zy in the limit N — oo
has been derived in [7] through a mean-field approach. We show that the above
asymptotic formulae satisfy the same relations that hold for finite N.

PACS number: 02.10.Yn

1. Introduction

We consider the partition function of a random matrix model,

00 00 N N-1
zo=[ [ T1 G-erew|-NY v |da-dey =Nt [T b
- - j=1 n=0

1< j<k<N
1.1)
where V (§) is a polynomial,
2d
VE =) 18, na>0, (1.2)
j=1

and h,, are the normalization constants of the orthogonal polynomials 7, (§) on the line with
respect to the weight e VV©®)

/°° T ()70 (§) €™MV dE = hy Sy, Ta(§) =§&"+---. (1.3)
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In this work we are interested in the asymptotic expansion of the partition function as N — oo
in the so-called multi-gap case, namely when the support of the equilibrium measure ¥ (§) d&,
which solves the variational problem,

Fo=  Min [— / ) / _ logle —nly €y dsdn + / ) V(sw@ds] (14)

consists of many intervals. In the one-cut regular case

1 1
—mlOgZNO(F0+mF1+ F2+"',

N4
that is, the logarithmic of the partition function has a regular asymptotic expansion in powers
of 1/N2 [3, 5, 14] and the terms F|, F>, ... can be determined from Fj [16].

Define the orthonormal polynomials as p,(§) = \%nn (&); then

[o.¢]
/ Pu (&) (&) NV dE = Sy (1.5)
—00
The polynomials p, (&) satisfy the three-term recurrence relation
hy
2Pn (&) = Vur1 Pns1 (§) + Bupn(E) + Y Pu-1(8), N (1.6)

The recurrence coefficients evolve with respect to the times #; according to the
equations [1, 12, 15, 18]

1 8lnhn__[ s 17
N 8tk - Q nn» ( .
LW Y104,y — 104 (1.8)
N 8lk ) n—1,n— nn)s .
108 .

N atk - yn[Q ]n,n—l Vn+1[Q ]n+1,nv (19)

where [ Q*],,» denotes the nm th element of the matrix Q¥, and Q takes the form

Bo vi 0 0 O
n By 0 0
0 » B v O
2=(0 0 » B »m (1.10)
0

0 0 vy B

The following relations which connect the derivatives with respect to #;’s of the partition
functions Zy and the coefficients yy, Sn and hy were derived in [5]:

1 9°nzZy 1 9%InZy

2
~i =V e = L+ BN 111
N2 32 YN N2 anar, YN (Pt An) (1.11)
1 92In Zy
iz = YW (Ve VR B+ 2B B+ By ) (1.12)
2

Similar formulae can be obtained for the derivatives with respect to higher times #, k > 2.
The above formulae have been derived by Bleher and Its [5] for obtaining the full asymptotic
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Figure 1. The homology basis.

expansion of the partition function Zy in powers of 1/N? in the one-cut regular case. The
same result has been proved earlier [14], using a different approach, to make the Bessis—
Itzykson—Zuber topological expansion rigorous [3].

The behaviour of the large N limit of the coefficients yy and By_; when the support of the
equilibrium measure consists of many intervals has been obtained by Deift et al [10] through
a Riemann—Hilbert approach. The asymptotic formulae can be described in the following
way. Let us assume that the support J of the equilibrium measure v (£) d§ consists of g + 1
intervals, namely J = Ufzo (U2k+1, U2k+2), & < d — 1, and introduce the Riemann surface X of

genus g associated with the curve y?> = R(£) where R(§) = iflz (¢ — uy). X is considered
as a double-sheeted covering of the complex plane. Introduce a basis of canonical cycles
{ai,...,aq, by, ..., b}, as shown in figure 1, and the corresponding basis w = (w1, ..., w,)
of normalized holomorphic differentials

/(1),‘:8[]', l,jzl,g
The corresponding period matrix B takes the form B;; = fb/ wi,i,j =1,...,g, and the

6-function is defined as 6(2) = ) _,, ¢« exp(wi(n, Bn) +2wi(z, n)). Next, we introduce the
following vectors = (2, 27, ..., Q,):

Ung+2
Qj=2n/ v(&)dé (1.13)
U2j+1
and
OO1 DOI
U+=/ w, U:/ w =2v,,
Uzg+2 00?2

where 002 are the points at infinity on the first and second sheets of X, respectively. The

first sheet corresponds to the positive sign of v/ R(£) as £ — co. With the above notation, the
behaviour of yy and By_; as N — oo is given by [10]

yi =9 +00/N),  By.i=p%  +O(/N),
where!
2
g+l 2 N N
onz_ [1 o 00 0(v+2Q)0(v— Q)
(ry) = 4 ;(”21 U2j-1) 9(%9)2 0(v)? ) (1.14)

' We remark that formulae (1.14) and (1.15) look slightly different from those derived in [10] because we apply the
identity

d+v; =0,
where d is the vector introduced in (1.30) of [10].
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£ o(v+2LQ)
Vo1 = D B log oy (oo L1
ﬁNfl — aZk 0og 9(%9)9(0) a)k(oo )1 ( 5)

with z; the kth component of the argument of the §-function, and w(c0') = “’ﬁl—f) PGS
1/&. Equivalent formulae have been obtained in [7] by a mean-field approach. We remark
that the error term O (1/N) in (1.14) and (1.15) holds only in the regular case, but not in the
singular cases where the equilibrium measure vanishes at the interior point of J or to higher
order at the endpoints of J.

In this paper we show, at the algebraic level, that the asymptotic formulae (1.14) and
(1.15) satisfy

1 9 _vep (NS o

192 . NQ 5

N 1 -N Foe T — 0 0 0 O(1/N), L17
N2 anon ¢ [e (27, )} () (Bn-1 + By) + O(1/N) (1.17)

1 32 o NQ
s oz[e 70 (57)] = AR ok
+(BY)" +2B%B%_, + (BY_1)°) + O(1/N), (1.18)

where Fj and €2 have been defined in (1.4) and (1.13), respectively. Similar relations hold for
the derivatives with respect to the other parameters #;, 2 < k < 2d. The above identities are
in agreement with the derivation of the asymptotic behaviour of the partition function in the
large N limit obtained in [7] using a saddle point argument:

2 NQ
Zy ~ e N'Pog <_) .
21

A similar formula has been obtained in the context of the zero dispersion limit of the Korteweg
de Vries equation [24].

We remark that the derivatives of the free energy F{ with respect to the times #; have
been obtained in many papers and also in two-matrix models introducing the concept
of filling fractions, that is, fixing the density of the eigenvalues n; in each interval
(uok—1,u2), k = 1,..., g + 1, namely by adding to the variational problem (1.4) the term

fil Ak futz:,l (¥ (&) d¢ — ny) where A are the Lagrange multipliers (see, e.g., [8, 2]). In this
paper, we follow a different approach evaluating the derivatives with respect to the times #;
directly on Fyp.

Despite the relations (1.14) and (1.15) being derived for a fixed external field V (§), we
assume that such a formula holds true while varying V (£) in a sufficiently small range. This
is to stress that relations (1.16)—(1.18) are formal identities and represent a first step towards
the rigorous mathematical derivation in the spirit of [5], of the expression of the partition
function Zy in the large N limit, when the support of the eigenvalues is distributed on many
intervals. The same result could possibly be obtained exploiting the relation between the
partition function Zy and the isomonodromic t-function [1].

This paper is organized as follows. In the first section we present the necessary ingredients
to compute the derivatives on the lhs of (1.16)—(1.18) and in the second section we reduce
such derivatives to the terms on the rhs of (1.16)—(1.18).
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2. Times derivative of the equilibrium measure and F;

In this section we compute the derivatives with respect to #;’s of the equilibrium measure
¥ (&) d€ and of the planar limit Fy of the free energy.

The minimization problem (1.4) has been widely studied and it is reduced to the following
Euler-Lagrange equations:

LyE)—-V(E) =1 where > 0, 2.1

Ly(&)—V() LI where ¢ =0, 2.2)
where [ is the Lagrange multiplier and

Lo = [ togls — v 0 du. 23)

It can be shown [9] that ¢ is the minimizer iff ¢ is a non-negative function that satisfies the
variational conditions (2.1)—(2.2) and the constraint

/ Y(§)ds =1. 2.4)

Assuming that the support J of the equilibrium measure consists of g + 1 intervals, namely
J = Ufzo (U2k+1, U2k+2), the equilibrium measure takes the form

1
y(E) = ;cb(&)/ﬁ N 2.5)
2g+2
RE) =[] —uo (2.6)
k=1

o )__L V'(s) ds
= 2ri R(s)s — &’

2.7

where /R (€), denotes the boundary value on J from the above and /R (£) behaves like £¢*!
as & — oo. The contour integral in (2.7) is a closed clockwise loop around J U &. The end
points of the support are determined from (2.4), the moment conditions

1 V/(s)sk
— ds =0, k=0,...,¢, 2.8
mi ) JRGe) 8 28)
and the conditions
sy
/ d§P(§)/R() =0, k=1,...,g. (2.9)
UDk+1

The equilibrium measure is called regular (otherwise singular) [10] if ®(£) # 0 for & € J,
where J is the closure of J, and the inequality (2.2) is strict for & € R\ J. In the following, we
assume that the equilibrium measure is regular and we call the corresponding external field
V(&) regular. The variation of the equilibrium measure with respect to the end points of the
support has been obtained in [23] where it is shown that the regular behaviour of the equilibrium
measure is generic for a real analytic external field. In the following, we are interested in
obtaining the derivatives with respect to the times #; of the equilibrium measure ¥ (£) and we
suppose that the variation of #; is sufficiently small so that the equilibrium measure remains
regular. For the purpose, we rewrite equations (2.8) and (2.9) as the zeros of a meromorphic
1-form on the Riemann surface X. This approach introduced by Krichever [22] is well known
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in the theory of Whitham equations. On the Riemann surface X of genus g, we introduce the
normalized meromorphic 1-forms oy (£) with a pole at the point co' = (oo, +00) of order
k+1,k > 1, and the differential o(&) with first-order poles at the points co!? = (00, 00)
with residue £1 respectively, namely

_ l k—1 l Pk(s)
Po(&)
= 057 g,
oo(§) JR® &
where P (§) = 8% +a, 1E8" 1 + ... +a, 4.y and its coefficients are uniquely determined by
Pr(&) _ 1
ﬁ =&+ 0 <§—2> for large |£], (2.10)
and
/ or(€) =0, i=12.. ¢ @2.11)
Let us introduce the differential
d
Q&) = ktiow(&) — 00(8). (2.12)

k=1
The following identity holds.

Theorem 2.1. Equations (2.8) and (2.9) are equivalent to the equations
Q
ﬁ =0, n=+&—uy, k=1...,2g+2, (2.13)
dn |,-0
where the differential Q2(§) has been defined in (2.12).

Proof. The proof is similar to that of the KdV case [19, 20]. The differential 2 can be written
in the form

L 0(&)
QE) =S V'E) + VREOPE) dE + < (2.14)
where ® (&) has been defined in (2.7) and
2g+2 2g+2 g g—k
0&)=> | T] € -u)|ougew) — P&+ Pk Y Tiwgeu(w),  (2.15)
i=1 | I=1,1#i k=1 =0

where I';(u)’s come from the expansion

JR() = put! [Fo(u) + FI;U) + rig‘) .. } . (2.16)

The function gy is

i Vus™t
qk(u)z—f—d,u, k=1,...,8. 2.17)
2z J; R(w)
Equations (2.13) and (2.14) imply that the polynomial Q (&) is identically zero, namely
Q@) =0.
Indeed, the first two terms in (2.14) are automatically zero at the points u;, i = 1, ...,2g +2.

So it follows that the polynomial Q (&) of degree 2g + 1 must have 2g + 2 zeros. Therefore, it
is identically zero. Putting equal to zero the coefficients of Q (&) from degree 2g + 1 to degree
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g + 1 is equivalent to equation (2.8). To show that equations (2.13) imply (2.9), it is sufficient
to observe that on the solution of (2.13) the conditions

/Q(S):O, i=1,...,8,

i

take the form (2.9). U

On the solution of (2.13), because of (2.14), the equilibrium measure can be written in the
form

Q@)
Y(E)dE =Re| —— ), (2.18)
i
where Re is the real part of the differential €2 (§). Here and in the rest of the paper, we assume
that /R (&) appearing in the Abelian differentials coincides with v/R (&), for & € R. From

(2.18), it is clear that

/st)ds:/JRe(ij ): 1

because the differentials oy, k > 1, have zero residue at co*, and oy has residue equal to 1.
The above formulation enables one to evaluate the derivatives with respect to the times #; of
the equilibrium measure and of the integrals €2; in a straightforward way using the approach
of Krichever [22].

Proposition 2.2. The following relations hold:

Dy =kRe<"k(.E)), k>, (2.19)
oty Tl

2 Q; = —2m Res(&*w;(£)), ji=1....g (2.20)
0ty E=00

Proof. We observe that

d
L0 = ka® + | Y jt—0;) — —0(®)
oty o ]Btk / oty 0

The expression in brackets is a normalized Abelian differential which does not have a pole at
infinity because the principal part of the differentials o, j > 0, is independent of #;’s, and it
does not have apole at u;, j = 1,...,2g + 2, in view of (2.13). Hence, the differential in
the bracket is a holomorphic differential with all the a-periods equal to zero and therefore it is
identically zero, so

Rl
8—9(5) = koy(§). (2.21)
Ik

Relation (2.19) follows from the above relation and (2.18). To prove (2.20), it is sufficient to
observe that, by (2.18)

=2 [ y@d=20-m [ e,
Ugj+1 bj

where Im is the imaginary part, by (2.21) and by the Riemann bilinear relations

isz,- = —kIm/ o (§) = 27 Res(£Xw;(&)).
8tk b; £=00
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From (2.19) the derivative of F with respect to the times #; can be evaluated in a straightforward
way.
Proposition 2.3. The following relations hold:
3% F, j k ‘ .
Lo L oo =2 [dae.  kizt 22
J

3tk3tj i J

Proof. From (2.19), we obtain

2k k
9, Fo = ——.//10g|s —n|ak(s>w<n)dn+—.f v<s)ak<s)+/§kw(s>ds
T )y Jy Tl )y J

lk k
_ —./msn/s V&) e,
Tl )y J

where [ is the Lagrange multiplier. Next, performing the #; derivative and observing that
J;01() =0and 3, [, ox(§) = 0, we obtain
3% Fy
0t 0t j

=L / o (®). (2.23)
Tl )y

The identity j [, %0 (&) = k [, €/ 0x(§) follows from the symmetry of Fy with respect to the
times derivatives. U

In the following, we aim at writing relation (2.22) in a clear symmetric form using the so-called
canonical symmetric 2-differential B(P, Q), P, O, € X. B(P, Q) is the canonical symmetric
2-form which is uniquely determined by the following conditions:

e B(P, Q) is symmetric in its arguments;

e all the a-periods of B(P, Q) with respect to any of its two variables vanish. The period
with respect to the variable P or Q, along the by cycle, is equal to 2miwg (Q) or 2mwiwy (P),
respectively;

e B(P, Q) has a double pole along the diagonal with the following local behaviour:

B(P, Q) = < + O(l)) dx(P)dx(Q), (2.24)

1
(x(P) —x(Q))?

where x is a local coordinate.

The Abelian differential o}, satisfies the relation
1
0 (Q) = I Res (n*B(P, Q)), P=(nw)EX, (2.25)
P=o0!

where oo! = (00, +00), Q = (£, y) € X. So the identity on the rhs of (2.22) corresponds to

[ ¢ ResatBer o) = [ & Res /B 0.

J P=o0! J P=o00!

Therefore, by (2.25), relation (2.22) can be written in the form

2
SR = — Res Res (f*€/B(P, Q)), P=mw eX, Q0=(¢yeX. (226
8tk8tj Q=00! P=oo0!
We would like to stress that relation (2.22) is well known in the theory of Hermitian one-matrix
models with a filling fraction. The derivation of the same formulae in this context has to follow
a different approach.

Combining propositions (2.2) and (2.26), we arrive at the following result.
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Theorem 2.4. The following relations are satisfied:

192 2 NQ , £ 92
— log|e ™9 (—)|= Res R In*| B(P, Q)+ log 6
N2 anar; 8 [e (271 >] o o, (5 | B, 0) H;I 92007 E

AL P + 0 ! 2.27
X(g) wn (P)w, (Q) (ﬁ)’ (2.27)

where P = (§,y) € X and Q = (n, w) € X.

The above theorem is the first step towards the proof of identities (1.16)—(1.18).

3. Formal identities for the asymptotic of the recurrence coefficients

Let us recall the basic steps of the Riemann—Hilbert approach to the asymptotic analysis of
the orthogonal polynomial following the scheme of [10]. The principal observation [18] is
that the orthogonal polynomials P, (&) admit the representation

Py (&) = Y1 (&, n), (3.1
where the 2 x 2 matrix function Y (€, n) is the (unique) solution of the following Riemann—

Hilbert problem (RHP).

(1) Y (&, n) is analytic for £ € C\R, and it has continuous limits, Y, (&, n) and Y_(&, n), from
above and below the real line, respectively,

Y,x(§) = lim Y (&', n).
£/ —&,+Imé'>0

(2) Y (&, n) satisfies the jump condition on the real line,

1 e NV®
Y.(€,n)=Y_(§,n) (0 | ) (3.2)
(3) As & — o0, the function Y (£, n) has the following uniform asymptotic expansion:
Y
Y (€ n) ~ (1 v k(k”)) £, £ o0, (3.3)
i
where

(1 0
0‘3—0_1.

In addition to equation (3.1), the recurrence coefficients y, and B,_; can also be evaluated
directly via Y (&, n) by the formulae

v = (Y1(n))21 (Y1 (m)12, (3.4)
_ ()
Bn-1 = AT Y1), (3.5)

where the matrices Y;(n) and Y,(n) are the first and second coefficients of the asymptotic
series (3.3) and Y(n);; denotes the k, j entry of the matrix Y;(n). Equations (3.4) and
(3.5) reduce the problem of determining the asymptotic of the recurrence coefficients when
n = N, N — oo to the problem of the asymptotic solution of the RHP (1)—(3). In the case of
a fixed external field V (&), this analysis is performed in [10]. The approach in [10] consists
of a succession of steps which, in the end, yields a reduced RHP for a matrix M (£¢) and the
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behaviour of the coefficients yy and By_; as N — oo can be recovered from M (£). The
following results can be found in [10].

Theorem 3.1. The coefficients yy and By_1 behave as N — 0o

yv =y +O(/N), Bv-1=By_ + O(1/N),
where
()/13)2 = (M) 12(M1)21, (3.6)
o _ (M
By_1 = Mo (M1, 3.7)

and M and My are 2 x 2 matrices which are recovered from the unique solution M (£€) of the
following 2 x 2 matrix RHP:

M. (&) = M_(&)v(é), £ eR, (3.8)
> M,
ME) = 1+Z$—k", £ — oo, (3.9)
k=1
and the matrix v(§) is defined as
efiNQj 0
V() = < 0 eiNQf>’ & € (uzj,uzjm), j=1,...,g,  (3.10)
V() =1, & € (=00, u1) U (Uzg42, 00), (3.11)
o= (0 o) ge b -uw. (312
_ 2

We remark that theorem 3.1 holds true in the regular case, but not in singular cases where the
equilibrium measure vanishes at the interior points of the spectrum or to higher order at the
end points of the spectrum.

The solution of the RHP (3.8)—(3.9) derived in [10] can be rewritten in terms of the Szego
kernel of the surface X in the following way [13, 21].

On a Riemann surface C, the Szegd kernel S [°](Q, P) is defined for all non-singular
characteristics [®] as the (4, 1)-form on C x C which has only a pole on the diagonal [17],
namely as P — Q

57 . = LD
€ x(P) —x(Q)

where x is a local coordinate. The Szegd kernel transforms when the variable P goes around
ay- and by-cycles as follows:

[L+O0((x(P) —x(Q))], (3.13)

5 . 5
SL](Q,P+ak)=62”15ks[6}(g,p), (3.14)

S[‘:](Q,Pmk):e—szks[ﬂ(Q, P), k=1,..., 3. (3.15)
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The Szego kernel of the hyperelliptic curve X can be written in the form [17]

S[é](}, . (y(é(P))+y(s(Po)>)9[‘2](/260:“) 00) VIEP) &E(P)
vEP) - yEPY ) o(fpw)  6[2]O) EP) =&y

(3.16)
where by & (P) we still denote the projection map P = (&€, y) — & from X to C,
. l"[flﬂ (& —uxn)
v@ = =i ;
k=1(X1 — Uz—1)
and 6 [?] (z) is the 6-function with the characteristics defined via
[ (z) = Z exp(mi(Bn + Bd, n+9) +2mwi(z + B, n +9)). (3.17)

nezs
For P = (£, y), Po = (o, yo), we define the quantity S(P, Py) as
[0 6 §—%&
S Py, P)=S Py, P .
[e]( e M P
Then the solution of the matrix RHP (3.8)—(3.9) takes the form
S falot. PL) 8] fylceel, P)

M) = & , 3.18
© A[ﬂ ](00?, PY) S[ﬂ ](00?, P?) G189

where P2 = (£, &) are conjugate points on the Riemann surface X and co!? = (o0, +00).
We remark that the path of integration between the points on different sheets of the Riemann
surface X like

PZ
/ w
OOI
is taken from 00! t0 us44 on the first sheet and from uzz4 to P? on the second sheet. The
entries of the matrix M do not have poles. Indeed, let us consider M,

s[ 0 }(ool Pl)—1< EPY) + — )e(ﬁz'w+ 1) _60
N R A U yEPD)  o([w) 6'(%ﬂ)'

The properties of the Szegd kernel guarantee that the g-zeros of 9( f ) in the denommator
of the above expression are cancelled by the g-zeros of the term y (§(P')) + W,
the whole expression in (3.19) does not have poles but only singularities at u;’s of the type
1//& — uy. The same considerations can be done for the other entries of the matrix M. To
verify (3.9), we observe that

y(E(PY) = \/M P' = (),

so that y (§(P?)) = —iy(§(P")) and y (0o') = 1. It then follows that

(3.19)

A0 A0

S[N }(ool,ooU:S[N }(ooz,oo2>=1, or M;1(00) = May(c0) = 1
3 §2 sl

and

~[ 0 A 0
S[N }(ooz,oo‘>=s[,v }(oo‘,oo%:o, or  Mp(00) = My (00) = 0.
2§ 2§
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The regular expansion of M in powers of 1/& as § — oo follows from the fact that the point
at infinity is a regular point of the Riemann surface X. To show that (3.8) is satisfied, let us
denote by

P
/Q ws, E(P).£(Q) € R,

the integrals on C,, namely the upper and lower part of the complex plane with respect to the
real axis.
Then the following relations hold for P2 = (£, £4/R(§)):

p! p? 8
— - = - , k=1,...,g, (320
(o) > [ s o

&e(uog—1,u2%)

Pl P2
(/ Wi —/ w_> =0, (3.21)

Ee(uzgr1,Ung42)

Pl Pl
</ w+—[ w) :/w, k=1,...,g, (3.22)
col2 col2 3

&€ (uok,Uk+1)

P! P!
(/ wy — / w_> =0, (3.23)

Ee(—oo,uy)

where oo!*? stands for co! or 0o?. Similar obvious relations hold when the end point of the
integration in (3.22) and (3.23) is P2. Regarding the behaviour of the function y, we have that

yEPY): =iy EPH)-, E(PY) e . (3.24)

Combining (3.20)—(3.24) and the periodicity properties (3.14)—(3.15) of the Szegd kernel, it
is straightforward to verify that expression (3.18) satisfies condition (3.8).

The entries of the matrix M, that is, the first term of the expansion of M (§) as £ — oo
are

[0 i(—1)° & N (™) P
(M5 =S |: ] (00", 00%) = (uok — ugp—1) —"—=5 ,
1 %Q 4 k2:1: 1 g(fooy w) 9[§Q](0)
(3.25)

fors =1,r=2orr=1,s =2 and

£ N
(M) = ZaZk log 6 (Eﬂ) wy(0oh). (3.26)

k=1
The entry 21 of the matrix M5, that is, the second term of the expansion of M (£) as § — oo
takes the form

. g+l g N
_i _ 00) <~ 9 (0(v+5:9) |
(M) = 4;@% u-1) a) ; azk( 300 wi(coh), (3.27)

where



Partition function for multi-cut matrix models 8917

From (3.6)—(3.7) and (3.25)—(3.27), expressions (1.14) and (1.15) for y}j and /31(3/ can be
obtained in a straightforward way, respectively.

In order to verify relations (1.16)—(1.18) the following Fay’s identity [17] which relates
the Szego kernel and the canonical symmetric 2-differential is fundamental:

—S[é](P Q)S[é](Q P) = B(P Q)+i >
€ ’ € ’ N ’ =1 3Zi3Zj

)
log 6 I:E:| 0)w; (P)w;(Q). (3.28)

Proposition 3.2. The coefficient y,?, defined in (1.14) satisfies the relation

1 92 2 NQ )
— 1 NP [ )| = (52 O(1/N). 3.29
NERT: og[e (271 )] (vy) +O(/N) (3.29)

Proof. To prove the proposition, it is sufficient to multiply Fay’s identity (3.28) by £ and
and take the residue at P = oo! and Q = oo?. The lhs gives

— Res Res (EnS[ 0 i|(P Q)S[ 0 i|(Q P)>=_(VO)2
2 %Q ’ N ’ NI

— 1 —
P=oco! O=c0 7

P=EyeX, 0=0w)eX,
because of (1.14) and (3.25) and the rhs gives

Res R B(P Q)+Xg: i 9(@> (PYw, (0) +0<l>
Res, Res, (57| BE iz 0\ g J ot N

n,m=1
1 92 2 NQ
= - ——1 N — )|,
v toe [ (57
because of (2.27). O
To prove relation (1.17), we rewrite (1.11) in the form

1 3®Wnzy 5 1 dlogy}

- = 1+ = 2 -1 — — 9

N2 anon Yn(Bn-1+BN) =¥y ( Bn-1 N o
where we have used the following relation in the last identity:

1 dlogy?

- = = (Bu1 — Bn) s 3.30

N o (Bn—1 = Bn) (3.30)

which follows from (1.8). Despite the formulae for yy and B3, being proved only for the fixed
external field V (§), we assume that they hold true while varying V (§) in a sufficiently small
range.

Proposition 3.3. The following relation is satisfied:

(s xer, (NQ >
N2 anan, 08 [e g (5)} = (yn) (By_1 +BY) + O(1/N).  (3.31)

Proof. Using expressions (1.14) and (1.15), we obtain
02 g+l 2 )
072 0 1 0log (vy) 1 0.(0)
2 —_—_— = — — _ _—
(VN) ( Br_1 N 0, 16 kz_l (Uok — uk—1) 9(99)2
- T

9(—v+%ﬂ)i 3 0(v+29)

PN
5, o) ()
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(o 20) & o 0(vs o)
o ;E Gy @i | Foasm)
= Res Res (EnzS |: NO i| (P, Q)S|: NO i| (0, P)) ,
P=co! Q=c0? 50 50
P=(¢,y)eX, Q0=0nw)elX. (3.32)
A comparison of (2.27), when Q = oo! is replaced by Q = 002, (3.28) and (3.32) gives the
statement. (]

Finally, we prove the last relation (1.18).

Proposition 3.4. The following relation is satisfied:

1 32 A2 NQ 2 2 2
N o log |:e Mg (g)] = (vw) ((rv—1)”" + (vaar)
2 2
+(BY)" +2B3By-1 + (By—1) ) + O(L/N). (3.33)
Proof. Using relations (3.30) and
d
— BN =V — Vil (3.34)
3[1
which can be recovered from (1.9), we rewrite the lhs of (1.12) in the form
1 32InzZy o[ 1 0%logy? . , 1 alogy2\’
— = — " 2y + | 2By — ——— . 3.35
N a2 VINTT a2 TN <‘3N‘ N ou ) (3-33)

Then, inserting the leading terms 7/,3 and ﬂ,?,_l defined in (1.14) and (1.15) into the above
relation and dropping terms of order O (1/N) or higher, we arrive at the expression

2 2\ 2
2| 1 3*log (rv) 02 o _ 10dlog ()
0N | = +20W) + (28 -, ) | oM

(97| o] 0] |07
= Res Res |£°n°S (P, 0)S o, P)),

N N
—ool O=002 A LN
P=oco! Q=00 o Q o Q

P=(EyeX, Q0=0w ek,
which by (3.28) and (2.27) proves the statement. O
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